The form of the ignition branch for steady, counterflow, hydrogen-oxygen diffusion flames, with dilution permitted in both streams, is investigated for two-step reduced chemistry by methods of bifurcation theory. Attention is restricted to fuel-stream temperatures less than or equal to the oxidizer-stream temperature T x and to T" larger than or of the order of the crossover temperature T c at which the rates of production and consumption of H atoms are equal. Two types of solutions are identified, a frozen solution that always exists in this kinetic approximation because all rates are proportional to the concentration of the intermedíate H atom, and an ignited solution, represented by a branch of the curve giving the máximum H concentration in terms of a Damkohler number constructed from the strain rate and the rate of the branching step H + O s -• OH + O. For T" > T" the latter bifurcates from the frozen solution if the Damkohler number is increased to a critical valué. For T" larger than a valué T s > T c , the effeets of chemical heat reléase are small, and ignition is always gradual in the sense that the limiting ignited-branch slope is positive (supercritical bifurcation) and there is no S curve. For T" in the range T c < T" < T" the heat reléase associated with the radical-consumption step causes the limiting ignition-branch slope to become negative (subcritical bifurcation), producing abrupt ignition which leads to an S curve. For valúes of T x below crossover, the ignited branch appears as a C-shaped curve unconnected to the frozen solution. The method of analysis introduced here offers a first step toward analytical description of nonpremixed H 2 -0 2 autoignition.
Introduction
Because of interest in applications such as aerospace propulsión, considerable attention has been given in the literature to the study of ignition of hydrogen-oxygen mixtures. Treviño [1] investigated ignition in an isochoric, adiabatic, homogeneous reactor and systematically reduced the well-known detailed reaction mechanism [2] [3] [4] [5] to small numbers of global steps for different pressure and temperature regimes. He found that the ignition process is strongly dependent upon the initial temperature of the mixture. A relevant parameter in the description of H 2 -0 2 ignition is the so-called crossover temperature T c , the temperature at which the rates of production and consumption of H radicáis are equal. The two determinant reaction rates are those of the chain-branching reaction H + 0 2 -» OH + O and the chain-terminating reaction H + 0 2 + M -> H0 2 + M. For initial temperatures on the order of T c , Treviño [1] deduced a five-step mechanism, which can be further simplified by neglecting the initiation step H 2 + 0 2 ~* H0 2 + H and assuming that the hydroperoxyl radical H0 2 is in steady state [6, 7] , Reduced chemistry of as few as two steps has been proposed for high-temperature ignition above crossover [8] .
Autoignition in practical systems generally oceurs during mixing of cool hydrogen with a hot oxidizing gas, leading to the establishment of H 2 -0 2 diffusion flames. In such nonpremixed environments, some details of the chemistry may differ from that in homogeneous systems because of complications associated with H 2 diffusion into the 0 2 inert mixture. T-i FlG. 1 . Ignition behaviors present in high-temperature ignition of H 2 -0 2 diffusion flames.
ployed. A limiting temperature T s > T c that determines the criticality of the bifurcation will be identified. Above this temperature, the chemical heat reléase is negligibly small, and a progressive transition from frozen flow to the equilibrium diffusionflame solution takes place. We shall show that, for stream temperatures below T s) the exothermicity associated with the radical recombination changes the character of the solution, and an S-shaped curve more typical of diffusion flames is reproduced. As T c is approached, the strain rate at which ignition occurs decreases, becoming zero at crossover. If the initiation step is neglected in the kinetic mechanism, no chain-branched autoignition is possible below crossover, and the ignited and frozen solutíons are unconnected. The ignition behavior shown in Fig. 1 is in qualitative agreement with the numerical results available [8, 9] .
Whíle numerous investigations have been reported on H 2 -0 2 ignition histories in homogeneous systems, only a few studies of ignition of H z -0 2 diffusion flames are available [8, 9] , and they are purely numerical" and are restricted to steady flows so that ignition times cannot be determined, although critical conditions needed for ignition to occur are obtained. Except for one study [10] including model branched-chain kinetics for a premixed system exposed to a hot inert gas, previously published analytical investigations of the ignition branch of the S curve have been restricted to one-step chemistry.
The mam objective of the present paper is to apply the reduced kinetic mechanism derived by Treviño [1] to study the ignition of strained diffusion flames. Steady counterflow systems are addressed, following preliminary ideas developed [11] in considering coflow mixing layers. To simplify the analysis, an inviscid potential solution is adopted to describe the flow íield. Although the model retains the physical characteristics of the problem, a more thorough description of the flow field is required if quantitative agreement with numerical results is to be obtained.
For high-temperature H 2 -0 2 diffusion flames, Fig.  1 summarizes the different shapes that the ignition curve may exhibit in a plot of the máximum radical concentration as a function of the inverse of the strain rate. For oxidizer-stream temperatures above T c , the ignited branch bifurcates from the frozen solution at a finite valué of the strain rate. The occurrence of ignition as a bifurcation as opposed to a smooth turning point as in conventional one-step asymptotic analyses [12] is a consequence of the autocatalytic character of the kinetic mechanism em-"An exception is a recent study by activation-energy asymptotics (S. R. Lee and C. K. Law, Combust. Sci. Technol., to appear, 1994) that does not address bifurcation theory.
Kinetic Mechanism and Formulation
The high-temperature ignition of H 2 -0 2 mixtures can be described [1] by the reduced kinetic mechanism H 2 + 0 2 -» H0 2 + H, 3H 2 + 0 2 -• 2H + 2H 2 0, H + 0 2 + M ->• H0 2 + M, 2H 2 + H0 2 -2H 2 0 + H, H0 2 + H -> H 2 + 0 2 , where O and OH are assumed to be in steady state. Although the first of these five steps is important at early times during initiation, once trace amounts of radicáis are present, its influence becomes negligible, and we neglect it here. A steady state for hydroperoxyl is an excellent approximation [6] [7] [8] , and since this radical appears in four of the five steps, its steady state reduces the chemistry to a two-step mechanism. If (a -1 -1) denotes the ratio of the rate of the elementary step H0 2 + H -> OH + OH to that of the step H0 2 + H -* H 2 + 0 2 , then this two-step mechanism is
with rates given, respectively, by those of the elementary reactions H + 0 2 ~* OH + O and H + 0 2 + M -* H0 2 + M. The specific reaction-rate constants for these two elementary reactions will be denoted by ki and k 2 , respectively. This same two-step description has been employed in a recent analysis of the premixed H 2 -air fíame [13] and elsewhere [6] , From the latest data available [8] , it can be shown that a -1/6 over the temperature range of interest. Thus, only a small fraction of the H0 2 produced is consumed by HO a + H -» H 2 + 0 2 , partially attenuating, therefore, the chain-terminating effect of reaction II. The ove rail step I is weakly exothermic, its heat of reaction being roughly an order of magnitude smaller than that corresponding to II. For valúes of the mixture temperature sufficiently above T c , production of H0 2 can be neglected entirely, and the kinetic mechanism reduces to the overall step I. The ignition process is then a typical chain-branching explosión with a fairly small heat reléase effect. As the temperature of the streams approaches T c , step II gains importance. The ignition is still characterized as a chain-branching explosión, but now the exothermicity of II as well as its chain-terminating effect play an increasingly important role in the ignition process. Both behaviors will be analyzed in this paper. Attention will be restricted to stagnation-point counterflow of H 2 and 0 2 , dilution with an inert being permitted in both feed streams. We shall assume, for the sake of simplicity, that the strain rate, density, specific heat, and transport coefficients are constant; these assumptions are readily removed through suitable well-known transformations. The equations that describe the now are then given by , n x = -0.7, and n 2 --1.42. The Ws are molecular weights, A is the constant strain rate, P is the uniform pressure across the mixing layer, and q¡ is the heat reléase associated with overall step i. Six parameters appear in the equations, namely, A, s, 8_ x , y, q h and q lh besides the constant a, the Lewis numbers, and the activation-energyparameter/?!. Here A is an appropriate nondimensional. Damkóhler number, s is an oxygen-to-fuel mass ratio corresponding to the approaching streams, 6_ a> accounts for the temperature difference between the streams, y is the ratio of consumption to production rates of H radicáis by the two competing reactions evaluated at T = T", and qi and q a are the nondimensional heats of reaction associated with each global step. The use of T" as the relevant characteristic temperature is dictated later by the location of the reaction región.
The problem defined by Eqs. (1) through (4) admits two types of solutions. The first corresponds to the trivial solution y H = 0, y Q2 = y 02 j, 6 = 9f, y H2 = y il2 f, where y 02 j, 9f, and í/ H2 y, are the frozen profiles corresponding to y 0l , 6, and !/ H2 , respectively. These solutions, which exist for all valúes of A, are given by
• erfc(C/72L H ), y m = -erfc^).
(5)
For A sufficíently large, another solutíon exists as well. Before studying this ignited solution, further constraints, arising from the physics of the problem, must be identified. A first constraint is that the solution must give positive valúes of f/ H everywhere in the mixing layer. This imposes an upper limit to the range of A for which a solution can be found for a given valué of y H , termed í/Hmax-A second constraint is that j/ H2 must be positive for the validity of the two-step kinetic scheme. As a consequence of the reduced mechanism adopted, y^2 does not appear in the chemical production terms on the right-hand sides of Eqs. (1) through (4) . Therefore, Eqs. (1) through (3) can be solved separately, and y H2 can be obtained afterward from Eq. (4). When y H2 is calculated in this way, it is found that there exists a valué of f, termed C,¿, such that y H¡ , < 0 for ( > f¿; Q decreases with increasing í/ Hmax . To avoid negative !/ H2 , the chemical-reaction model must be modified at sufficiently large C to account for H 2 depletion. The kinetic mechanism adopted holds only for valúes of f such that the resultant mixture is not too fuel lean, and for large valúes of C, where ¡/ H2 is very small, this mechanism fails and should be replaced by an alternative developed by Treviño and Liñán [11] for lean mixtures. The revised formulation would result in a profile of H 2 smoothly decaying to zero as f increases. The approach employed here is simpler in that we assume that the kinetic mechanism for lean and stoichiometric mixtures holds as long as i/ H2 > 0, and for valúes of £ larger than the depletion point f¿, the chemical reaction is completely frozen. This approximation is motivated by the low rate of the alternative path, controlled by O + H 2 -* OH + H, in the región f > C,¿, where the concentrations of both H 2 and the radicáis are very small. The freezing of the reaction can be introduced formally into Eqs. (1) through (4) by multiplying the chemical production term by a Heaviside function H(£ -£¿). The problem defined in this form with the boundary conditions previously stated has a unique nontrivial solution for a given valué of the depletion point CdLinear and Weakly Nonlinear Analysis for T" > T r admits two different types of solutions, whose behaviors as f -> °° are given by f[4i->0-i] exp( -f 2 /2) and £-4i-7) ; respectively. For valúes of ( beyond the depletion point, the solution to Eq. (1) is proportional to erfc(¿7\/2). Matching of the valúes of the frozen and nonfrozen solutions and their slopes at f = Q reveáis that solutions with algébrate decay are not admissible for f < Q. Therefore, to find the solution for the ignited branch for small valúes of t/Hma,'
we can ignore Eq. (4) and replace the Heaviside function on the right-hand side of Eqs. (1) through (3) by the requirements of exponential decay of t/ H as £ -* °° and Í/H -> 0 throughout the mixing layer. It is worth observing that use of this modification causes the solution in the vicinity of the bifurcation point to be independent of the H 2 diffusion coefficient; i.e., the results are independent of the valué of L H ".
For valúes of ¡/ Hraax = £ << 1, we can introduce the asymptotic expansions A = <Mo + es<£i<Mi, </H = a/Ho + E 2 s4>i4>2ym
, and í/oa/ís given by Eq. (6). Here f/ H0 is scaled so that its máximum valué is unity. Introducing the above expansions into Eqs. (1) through (3) and collecting terms with the same power of e, we obtain the equations and r fyHO , AH() . Tounderstandthe significance of this result, one must recall that the Damkohier number A is constructed from the strain rate and the rate of the branching step H + 0 2 -• OH + O, while y, > 1 for T" < T c , is the ratio of the rate of radical consumption to that of radical production. Therefore, the quantity (1 -y)A c , a constant of order unity for a given valué of L H , represents the ratio of the characteristic strain time to the characteristic chemical time of the two-step kinetic mechanism necessary for ignition to occur. As T« approaches T c , the chain-terminating character of step II causes the valué of y to increase, which corresponds to an increment of the characteristic chemical time of radical production. Therefore, the lower the temperature is, the lower is the valué of the critical strain rate at ignition. A chain-branching explosión is no longer possible for T x below the crossover temperature at which y=l, and the critical Damkohier number becomes infinite. For T" < T c , the frozen and ignited branches are unconnected, and the latter becomes a C-shaped curve standing above tju ma!í -0. Connection between both branches can be recovered if the initiation step H 2 + O a -» H0 2 + H is retained in the kinetic scheme. For sufficiently large valúes of the Damkohier number, the characteristic residence time A -1 becomes a large quantity of the order of the chemical time associated with the initiation step, and production of H radicáis by this step is no longer negligible. Ignition in this case is governed by this step that provides a smooth connecting branch between the frozen and ignited curves. For even lower temperatures, ignition occurs as a thermal-runaway process governed by a different kinetic mechanism [1, 7] .
Bifurcation Character:
The parameter Ai, which gives the slope of the bifurcated branch, can be obtained by integrating Eq. (10) The results of these integrations for different valúes of the Lewis number of the fuel are shown in Fig. 2 . The eriticality of the bifurcation is governed by the parameter Q that measures the counteracting effeets of oxygen consumption and temperature increase resulting from heat reléase. The behavior of the ignition branch can be explained by considering the right-hand side of Eq. (1). When Q is larger than Q s , the effect of temperature rise dominates the ignition process through the exponential term exp^f?), causing the Damkohier number to decrease as í/ Hma x m_ creases, resulting in a subcritical bifurcation. On the other hand, for small valúes of Í3, corresponding to large T" and small Y 02o¡ , the effect of oxygen consumption takes over, giving an overall decreasing [expi/i^) -y]yo 2 term. To balance this effect, as ¡/ Hmax increases A must increase, and the bifurcated branch becomes supercritical.
The equation Q = Q s determines a limiting temperature T s that clearly separates abrupt ignition behaviors from smooth transitions to the diffusionflame solution. For valúes of T" far above the crossover temperature, y becomes negligibly small, and Q reduces to fíiqi/s. Numerical evaluation of this expression reveáis that the heat reléase associated with step I is too small to change the character of the bifurcation, so that it remains supercritical as long as the production of H0 2 is negligible. Since qu/a » qi, as T" decreases the valué of Q increases signiñ-cantly, and a subcritical character is achieved somewhat above crossover, i.e., T s > T c . The curves characterizing the ignition behavior sketched in Fig. 1 can be plotted for a given valué of Y 02aj by using the equations 7=1 and Q = Q s . Typically, as P varíes from 10" l to 10 2 atm, T c varíes from 800 to 1400 K, and T¡¡ -T c remains about 200 K, as may be obtained more accurately by the defmition of A.
Effect of Different
Temperatures:
To study the effect of different temperatures of the approaching streams on the valúes of A c and A\, it is convenient to consider first the physically relevant limiting case L H << 1. We show below that, with the inviscid potential solution adopted for the flow field, the shape and location of the bifurcated branch in this case are independent of the fuel stream temperature. Taking the limit L H -» 0 in Eq. (6) yields the asymptotic frozen profiles y 02 r = 0, Ot = 0" for C < 0, and y 02 = 1, 6 f = 0 for f > 0. The shape of these functions agrees with the fact that the transverse coordínate of the mixing layer, f, has been nondimensionahzed with the characteristic diffusion length corresponding to H. In the limit L H -> 0, the hydrogen diffusivity is much larger than the oxygen and thermal diffusivities. Therefore, diffusion of 0 2 and heat conduction take place in a thín layer located around { = 0. The oxidizer is unable to reach the fuel side of the mixing layer. The reaction is frozen for C < 0 because of the absence of oxygen. The valúes of A c and A 1 are, therefore, only determined by what occurs on the oxidizer side of the mixing layer and become independent of the temperature of the fuel stream. At this point, it becomes clear that Tn is the most relevant temperature for the ignition problem and is properly selected to nondimensionalize the equations. The analysis above indicates that, when the temperatures of the approaching streams are different, Fig. 2 still gives the critical Damkóhler number for ignition of the autocatalytic reaction and the slope of the bifurcated branch, provided L H « 1.
To study departures from this result, we consider the case T" >> T c , i.e., y « 1, so that A c = A 0 and the effect of T_" < T x reduces to the appearance of an additional factor expí/^ft-) multiplying the righthand side of Eqs. (8) through (10) . Figure 3 shows the ratío AJ{A C ) 0 , in which (A c ) 0 is the valué of A c corresponding to 0_ x = 0. As can be seen from this graph, although Fig. 3 for the case L H = 0.1. As can be seen, retaining two terms in the expansión suffices to give a good approximation in this case. The valué of A\ becomes zero when the two approaching streams have the same temperature. In that case, the analysis, which is valid for y ¥^ 0, must be carried to a higher order if the effect of L H 7 a 0 is to be taken into account. The next two terms in the expansión for zf 0 were found to be 
Nonlinear Analysis of a Simplifíed Model
Although a simple weakly nonlinear analysis suffices to determine the dependence of the shape of the ignited branch on the different parameters present in the problem, calculation of the solution away from the bifurcation point involves numerical integration of a four-equation boundary-value problem. A significant simplifícation is obtained if we restrict our attention to the case T" >> T c , i.e., y << 1, and also assume that the Lewis numbers of all species present in the mixture are unity. This assumption is clearly inaccurate for hydrogen, whose diffusivity is much higher than that of heat or oxygen. Therefore, the results presented below are not intended to be accurate but rather qualitatively correct. The results would also be quantitatively correct if the chainbranching species were O or OH instead of H.
In this case, the problem reduces to that of solving the differential equation (1) and (4) was integrated to obtain y H , 2 + 3y H = 1/2 erfc(f/\/2), which was used when determining the boundary conditions at C = Cd-The ignited solutions of this problem were obtained by numerical integration using a simple shooting method." For a given valué of Cd, integration of the equation starting from f = Cd determines a unique valué of A for which the solution is positive everywhere and also satisfies the boundary condition at -°°. Different solutions obtained for increasing valúes of the parameter Q = Piq\ls are shown in Fig. 4 . The bifurcated branch becomes subcritical when the valué of Q exceeds the Q s predicted by the weakly nonlinear analysis. Away from the bifurcation point, the consumption of 0 2 eventually takes over, and the subcritical bifurcated branches turn around, beginning to reproduce the S-shaped curve typical of diffusion llames.
The asymptotic valué approached by the bifurcated branch for large valúes of A was also determined. Since the model employed accounts for H 2 depletion, the limit A -* °° consistently gives the flame-sheet approximation. In the limit A -* °°, H 2 and 0 2 do not coexist, and the chemical reaction is confined in an infinitesimally thin layer located at £ = Cd-The location of the fíame is obtained from the jump condition at the fíame sheet, "We can anticípate the results of the numerical integration of Eq. (16) by using a simple lumped approximation for the equation. In this approximation, attention is restricted to the reaction región, where y¡¡ ~ y Hm . The differential operator on the left-hand side of the equation, which represents the loss of radicáis by diffusion, is replaced by the term -at/ Hm ". with a of order unity, and the functions t/ OSjf and expifíflj) by their valúes in the reaction región, y' 0í f and exp(/?,6^), both quantities of order unity. With these approximations, Eq. (16) reduces to the simple algébrale equation 
was found for T x > T s to be supercritical. This corresponds to a smooth transition from a frozen solution to a diffusion fíame as the Damkohler number increases. This lack of abrupt ignition for T x > T s was also observed in the numerical solutions [8, 9] . The large heat reléase associated with the recombination changes the character of the bifurcation to subcritical when T" = T s , and an abrupt type of ignition is obtained below this temperature. Because of the chain-terminating effect of the principal heat-release step, the valué of A c increases significantly as T" approaches T c , in qualitative agreement with results of previous numerical studies [8, 9] . At crossover, A c becomes infinite; i.e., the critical strain rate becomes zero, and below this temperature, the solution consists of a C-shaped curve unconnected to the frozen solution.
Although the kinetic model employed qualitatively reproduces the numerical results shown in previous studies [8, 9] , further quantitative comparisons with numerical and experimental work are required to test the parametric results presented here. In addition, further analytical study must be given to conditions with 71 << T c , where a thermal-explosion character is anticipated, before simple results can be presented that can be used widely in engíneering practice.
